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Packings and defects of strongly coupled two-dimensional Coulomb clusters:
Numerical simulation

Ying-Ju Lai and Lin I
Department of Physics, National Central University, Chungli, Taiwan 32054, Republic of China

~Received 29 March 1999!

The packings and defects of the strongly coupled two-dimensional Coulomb clusters with particle numberN
from a few to a few hundred with different forms of mutual repulsion and central confining potentials at zero
temperature are investigated using molecular-dynamics simulation through many annealing cycles. The circu-
lar symmetry of the confining potential and the interplay with the mutual repulsion lead to the strong compe-
tition between the outer circular shells and the inner triangular lattice. Generic packing behaviors, such as the
concentric shells with the classical periodic packing sequence at smallN, and the triangular latticelike inner
core surrounded by a few outer circular shells at largeN are observed. The effects of changing the interaction
and confining potentials on the detailed packing sequence, the radial variation of packing density, and the
positions of the shell-triangular core interface are investigated with a detailed study of the cluster structures
along with the formation and distribution of topological defects.@S1063-651X~99!03410-8#

PACS number~s!: 52.90.1z, 45.05.1x, 61.46.1w, 73.23.2b
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I. INTRODUCTION

The two-dimensional strongly coupled Coulomb clus
~2D SCCC! with a few to a few hundred charged particl
through Coulomb-type interactions is a fundamental mo
system to test the behaviors of the finiteN ~particle number!
limit of the 2D Wigner crystal, which has a triangular lattic
at N5`. The electron dimples on the liquid-helium surfac
the electrons in the 2D semiconductor Coulomb blockad
and the flux lines in the superfluids, superconductor,
magnetoplasma systems are the few similar systems@1–5#.
Usually, in a circular confinement cell, a radial force gen
ated by the external confinement or the neutralizing ba
ground is needed to confine particles with repulsive inter
tion. The packing of the clusters at different particle numb
N is determined by the interplay between the confining a
repulsion forces. The early theoretical work by Thomson
his raisin modelfor the classical atomswith electrons im-
bedded in a uniform neutralizing ion background@6# and
several recent theoretical and numerical studies repo
some generic packing behaviors@7–12#. The competition be-
tween the triangular lattice for an infinite 2D system and
shell structure due to bending by the central confining fo
leads to the clusters with interesting self-organized patte
which show concentric shells at smallN and triangular cores
surrounded by the circular outer shells at largeN. Defects are
present to accommodate the bending and other lattice de
mation. A packing sequence with Mandeleev tables for
occupation numbers in different shells up toN5230 with
1/r 2 repulsive force in a parabolic potential and an exam
in a square potential have also been predicted by the M
Carlo ~MC! simulations@7#. Similar analytical results of the
packing sequences under other more general interac
forms such as with 1/r n repulsive force~n51, 2, and 3! in a
parabolic confining well~with a few tens particles! and with
1/r 2 repulsive force in ar m confining well ~m51, 2, 3, and
10 andN from 2 to 24! @11#, and the numerical results of th
ground-state configurations atN530 with a few different
PRE 601063-651X/99/60~4!/4743~11!/$15.00
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Debye lengths for the Yukawa-type interaction in a parabo
confining well and the transition to the Wigner crystals
small Debye length, were also reported@12#.

Recently, the formation of the quasi-2D large volume t
angular Coulomb lattice with negatively chargedmm-sized
dust particles~104 electrons/particle! suspended in weakly
ionized plasmas was demonstrated@13–15#. We further de-
signed a small cylindrical plasma trap for confining t
quasi-2D dust Coulomb clusters and provided a system
experimental support for the above generic packing beh
iors from small to largeN @16,17#, although the occupation
numbers might deviate slightly and the interactions in o
real plasmas are more complicated than the previous sim
models@7,9#. Obviously, some universal features are sha
and the detailed interaction forms can cause differences
the particle packing and defect configurations. In this wo
using molecular-dynamics~MD! simulations for the ex-
amples with a few typical interaction forms, we study
what extent the generic rules are obeyed and the effect o
interaction forms on the details such as the packing
quences, structures of the ground and nearly degener
metastable states, radial distribution of lattice constant, e
for the packing of 2D SCCC’s from small to largeN up to a
few hundreds at zero temperature. Unlike some of the pr
ous analytical and numerical studies mainly focusing on
energies and packing sequences of the ground states, the
lective excitation spectra, and the phase transition@7–12#,
we further use the idea of defects to get a better underst
ing of the topological nature of the cluster structures, a
study the general behaviors of the defects under the circ
bending and nonuniform lattice constant distribution, such
N, interaction forces, and confining potential change.

For a 2D cluster with particles in a central confining fie
and repulsive mutual interactions, the potentialVi of the i th
particle with radius distancer i can be expressed as

Vi5Vc~r i !1 (
j 51 j Þ i

N

Vi j ~r i j !,
4743 © 1999 The American Physical Society
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4744 PRE 60YING-JU LAI AND LIN I
where Vc(r i) is the confining potential and the next ter
comes from the repulsions from other particles in the clus
with interparticle separationr i j . Usually, the former in-
creases monotonically withr i and the latter decreases mon
tonically with increasing separation. The packing is a con
quence of the competition between them to minimize
total energy of the system. The generic packing behavior
be easily understood through the following picture. If w
start from the extreme case of hard spheres in a parab
well with a weak central confining force, the triangular pac
ing shown in Figs. 1~a!–1~d! with one to four particles at the
center is the basic configuration for the structure of the c
ter core, because there is no way to compress the
spheres. Changing the total particle numberN may cause the
change of the detailed shape of the boundary and shifting
position of the center of mass of the cluster relative to
position of the vertex of the lattice associated with chang
the occupation number of the center core@9#. For a uniform
magic packing, the difference between the occupation n
bers of the two adjacent shells should be six@e.g., Figs.
1~b!–1~e!#. There are six topological defects each with21
topological charge sitting at the six corners of each clus
The particles around the corners of the hexagon are far f
the center and cost too muchVc . Especially when the par
ticle numberN is large, they might move from the corner
the straight sides to reduce energy. If the hard-sphere in
action can be softened, their positions can be readjus
Concentric shells with the shape between the circular and
hexagonal shapes can be formed@e.g., Fig. 1~f!#. For certain
nonmagic configurations, the deformation may also ind
the formation of defects in the cluster core or even with fi
particles in the first shell. The rise of the strain energy due
the lattice deformation can be compensated by the reduc
of the confining potential. AsN increases, the addition of on
particle into a certain shell increases the interparticle sep
tion in the adjacent shell and provides space for inserting
next particle. Therefore, unlike thequantum atomsin which
new electrons are only present in the outer shells, the o
pation number in different shells can alternately change aN
increases. A new shell can also be generated after all
existing shells are full. The detailed forms ofVc and Vi j
determine how easy the triangular lattice can be deforme
minimized the total energy. Depending on the interact
forms, classical periodic tables controlling the packing
quence can be constructed.

II. NUMERICAL METHOD

In our MD simulation, the equation of motion of thei th
particle ~a direction! follows:

d2xa i

dt2
52

]Vi

]xa i
2g

dxa i

dt
1h~xa i ,t !,

where the mass and the coefficient of the leading term~r i
2

term! of Vc are normalized to 1. 2g(dxa i /dt) corresponds
to the linear viscous damping to extract kinetic energy to
background and h is the spatially and temporally
d-correlated Gaussian noise with zero mean to simu
background fluctuations. All the physical quantities are
mensionless. The fourth-order Runge-Kutta method is u
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to obtain the time evolution to the static state. Many cyc
of annealing processes by slowly rising and then decrea
the intensity of noise~i.e., system temperature! to zero are
conducted to find the ground and metastable states. Com
ing with the previous work using MC simulation for the ca
of Vc5r i

2 and Vi j 51/r i j , same ground-state packing s
quence and energies are obtained@7#. This MD program is
also applied in our study for the dynamical behaviors
various excitations at finite temperature. The details will
presented soon.

FIG. 1. ~a!–~e! The sketches of the basic packing configuratio
with one to four particles at the center shell for the extreme cas
hard-sphere interactions~left column! in a weak confining field. The
triangular lattice in the background is plotted as a reference.
star represents the center of mass of the system. Depending o
occupation number of the center shell, it can sit at the vertex,
middle point between two vertexes, and the center of the ce
triangle. There are six21 topological charges~threefold disclina-
tion defects! marked by the six solid triangles at the six corners
each hexagon~note that the defect-free site along a straight latt
boundary should have four nearest neighbors!. ~f! Softening the
mutual repulsion causes the formation of the more circular outm
shell. Removing one particle from one corner of the~1,6,12! state in
~e! and adjusting the interaction potential can generate the~1,6,11!
state@~g!# or ~1,5,12! state@~g!# with defects present in the inne
part but still conserved total topological charges. The11 ~seven-
fold! and 21 ~fivefold! defects are marked by open squares a
triangles, respectively.
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In our study, several different interaction forms are us
to find the equilibrium states in a parabolic confining well
zero temperature. For the Yukawa-type interaction, the ef
of changing Debye lengthlD is checked.lD5` corre-
sponds to the case of unshielded charged particles on a
2D surface. We also test the case withVi j 5 ln(1/r i j ), which
is the interacting potential between two uniformly charg
infinite long linesi and j to simulate the ideal 2D Coulom
interaction. Note that in the ideal 2D case~i.e., with a uni-
form axial charge distribution!, the parabolic confining po
tential is equivalent to the field generated by a uniform f
zen neutralizing ion background. The cases with a fou
power term added on the parabolic confining potential
also tested to check the effect of the steeper confining po
tial in the outer region of the clusters, which might occur f
the case of confining charged dust particles by the sp
charge field in our experimental plasma system@16#. The
degrees of lattice bending for forming a circular outer sh
and the local adjustment to match the interface between
inner triangular domain and outer circular shells are ma
fested by the presence of the disclination defects with11
and21 topological charges~represented by squares and t
angles, respectively, in the corresponding figures in this
per!.

III. RESULTS AND DISCUSSIONS

A. Packing sequence at smallN

For a cluster at smallN, particles are packed into conce
tric shells. Table I shows the packing sequences of
ground states for several different interaction forms. T
typical cluster structures are also shown in Figs. 2–4. T
state (N1 ,N2 ,N3 ,...) corresponds to the state with occup
tion numberNi in the i th shell from the center. IncreasingN
one by one causes the variation ofNi . A new shell appears
when the existing shells are full.

First we start from the example of the ideal 2D Coulom
system withVi j 5 ln(1/r i j ) in a parabolicVc ~Table I, type-IV
interaction!. For N53, 4, and 5, polygons are formed. F
N56, a particle appears at the center of the pentagon
minimize energy and forms the two-shell structure. Name
a single shell structure withN156 is not allowed because
costs too much confining energy. The states with~1,6!, ~1,7!,
~1,8!, and~2,8! structures are found asN increases from 7 to
10. Further increasingN to 16 causes the alternate increa
of N1 and N2 until both shells are full~i.e., N155 andN2
511!. For N517, the third shell appears. It forms th
~1,5,11! structure. For the structure with three shells, simi
filling processes are observed. The occupation number
ference between the adjacent shells,DNi5Ni 112Ni , usu-
ally varies between 5 and 6. It can change to 4 or 7 aro
the transition of increasing one extra shell. Note that ma
nearly degenerate metastable states have also been obs
~see the examples in Figs. 3 and 4!.

For the cases of Yukawa-type interactionVi j
5exp(2rij /lD)/rij , which has a shorter interaction range a
harder repulsive core for each particle at smalllD , similar
packing results are obtained. The results from the three
resentative cases withlD50.1, 1, and` are presented in
Table I ~the type-I, -II, and -III interactions, respectively!.
The ground-state configurations for the case oflD5` are
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shown in Fig. 2. The harder repulsive core with the short
range interaction makesNi deviate from those of the
ln(1/r i j ) interaction for certain cases. It tends to have
smaller cluster with the inner core, which has higher pack
density. It might also change the ground-state configurat
For example, in the case ofVi j 51/r i j ~i.e.,lD5`!, the~1,8!
state which is the stable state forVi j 5 ln(1/r i j ) becomes
metastable and the state~2,7! becomes the new ground stat
The old ground states~5,11!, ~1,7,14!, ~1,8,14!, ~3,8,14!,
~3,9,15!, ~4,9,15!, and ~4,10,16! become metastable and a
replaced by the new ground states~1,5,10!, ~2,8,12!, ~2,8,13!,
~3,9,13!, ~4,9,14!, ~4,10,14!, and ~5,10,15!, respectively.
Namely,DNi might decrease by one or two. Note that us
ally the energy differences between the above ground
metastable states are very small~,0.05%!. Table I shows
that decreasinglD from ` to 0.1 tends to further decreas
DNi by one for some configurations.

TABLE I. The Mendeleev table for the particle packing s
quences fromN51 to 30 under defferent combinations of the co
fining and the mutual repulsion potentials. I to V are also used
other figures to represent the corresponding type of interaction
confinement.r cN used in the type-V confining potential is the clu
ter radius obtained in the type-III interaction at the correspond
N.

Vc r i
2 r i

21r i
4/r cN

2

Vi j exp(2rij /lD)/rij

N lD50.1 lD51.0 lD5` ln(1/r i j ) 1/r i j Expt.

3 3 3 3 3 3 3
4 4 4 4 4 4 4
5 5 5 5 5 5 5
6 1,5 1,5 1,5 1,5 6 1,5
7 1,6 1,6 1,6 1,6 1,6 1,6
8 1,7 1,7 1,7 1,7 1,7 2,6
9 2,7 2,7 2,7 1,8 1,8 2,7

10 2,8 2,8 2,8 2,8 2,8 2,8
11 3,8 3,8 3,8 3,8 2,9 3,8
12 3,9 3,9 3,9 3,9 3,9 3,9
13 4,9 4,9 4,9 4,9 3,10 4,9
14 4,10 4,10 4,10 4,10 4,10 4,10
15 5,10 5,10 5,10 4,11 4,11 5,10
16 1,5,10 1,5,10 1,5,10 5,11 5,11 5,11
17 1,6,10 1,6,10 1,6,10 1,5,11 5,12 1,5,1
18 1,6,11 1,6,11 1,6,11 1,6,11 1,5,12 1,6,1
19 1,6,12 1,6,12 1,6,12 1,6,12 1,6,12 1,6,1
20 1,7,12 1,7,12 1,7,12 1,7,12 1,6,13 1,7,1
21 2,7,12 2,7,12 1,7,13 1,7,13 1,7,13 1,7,1
22 2,8,12 2,8,12 2,8,12 1,7,14 1,7,14 2,7,1
23 3,8,12 3,8,12 2,8,13 1,8,14 1,8,14 2,8,1
24 3,8,13 3,8,13 3,8,13 2,8,14 2,8,14 2,8,1
25 3,9,13 3,9,13 3,9,13 3,8,14 2,8,15 3,8,1
26 4,9,13 4,9,13 3,9,14 3,9,14 3,9,14 3,9,1
27 4,9,14 4,9,14 4,9,14 3,9,15 3,9,15 3,9,1
28 4,10,14 4,10,14 4,10,14 4,9,15 3,9,16 4,9,1
29 4,10,15 5,10,14 4,10,15 4,10,15 3,10,16 4,10
30 5,10,15 5,10,15 5,10,15 4,10,16 4,10,16 4,10

I II III IV V VI
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FIG. 2. The typical ground states at differentN up to 60 with type-III interaction and confining potentials as defined in Table I.
displaying purposes, the scales are not the same for the clusters@see Fig. 9~c! for the mean lattice constant#. The center of mass of eac
cluster is represented by the star. The total dimensionless energy is listed below each cluster. The11 and 21 topological defects are
represented by the small squares and triangles, respectively. The solid symbols are the corresponding defects along the cluster
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We also test the effect of the confinement with a stee
potential in the outer region,Vc(r i)5r i

21r i
4/(r cN)2 ~see

Table I, type-V interaction!, wherer cN is the radius of the
type-III cluster at the correspondingN. It corresponds to the
case with an extra nonuniform neutralizing background c
centrated mainly around the cluster boundary, which gen
ates larger confining force. Similar to the generic behavi
of other interactions, alternate packing in concentric shell
obtained. For example, many states identical to those fo
in the case ofVi j 5 ln(1/r i j ) andVc(r i)5r i

2 can be recovered
and for some configurationsDNi can even be larger by 1
The stronger compression due to the extra steeper confi
in the outer region increasesNi ~i.e., the packing density! in
the outer region. Note that in this case, the single shell s
with six particles atN56, which never occurs in other case
is observed. Similar behavior of increasing the packing d
sity in the outer region was also observed for the case
Vi j 51/r i j andVc(r i)5r i

n asn increases@11#.
It is interesting to note that although packing into conce

tric shells was predicted by Thomson’s analytical meth
the analytical and the numerical results are not exactly
same. The packing sequence and the ground-state ene
from our MD simulation for the case ofVi j 51/r i j and Vc

5r i
2 are the same as those predicted by the MC simula

@7# but are slightly different from those obtained based
r
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s
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te
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of

-
,
e
ies

n
n

the analytical Thomson’s method@11#. Our packing se-
quence for the case ofVi j 5 ln(1/r i j ) and Vc5r i

2 is also
slightly different from that obtained from the analytical Th
omson’s method@11#.

B. Structures and defects at smallN

The triangular lattice is the most stable structure for
infinite large 2D system. However, the central confini
force tries to bend the lattice. The bending causes large s
energy, especially when the cluster size is small. Figur
shows the ground-state structures for the case ofVi j 51/r i j

andVc(r i)51/r i
2. For the two-shell clusters with two, three

and four particles in the first shell, the shape of the sec
shell is between a circle and a polygon connecting the tri
gular lattice sites. For example, for the~2,8! structure, the
second shell is elliptical due to the elongated center co
However, for the three-shell cluster, the outmost shell is
most circular even though the core is elongated.

We can also use defects to classify the topology and
derstand the packing problem. Starting from a perfect tri
gular lattice, each particle should be surrounded by its
nearest neighbors. The sites surrounded by seven and
nearest neighbors are called sevenfold and fivefold discl
tion defects~represented by the open squares and triangle
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PRE 60 4747PACKINGS AND DEFECTS OF STRONGLY COUPLED . . .
all the figures showing the structures! associated with11
and 21 topological charge, respectively@18#. Similarly,
along the straight boundary of a perfect triangular latti
each particle has four nearest neighbors. The fivefold
threefold disclination defects~represented by the soli
squares and triangles, respectively, in our corresponding
ures! along the boundary of a bent lattice have11 and21
topological charges, respectively. The presence of the11
~21! disclination defect causes the lattice lines to be conc
toward~bend around! the defect center. For the extreme ca
of the hard-sphere interaction, each magic packing suc
~1,6!, ~2,8!, ~3,9!, ~4,10!, ~1,6,12!, ~2,8,14!, ~3,9,15!,
~4,10,16!, etc., has a defect-free core and six threefold

FIG. 3. The ground~first column! and nearly degenerated met
stable states atN523 and 27 under the type-III, -IV, and -V inter
action and confining forms as defined in Table I. The triangles
squares correspond to the11 and21 topological defects, respec
tively. The circle at the center of the~1,8,14! state corresponds to
the 12 topological defect. The energy~dimensionless! is listed be-
low each cluster. Note that the system can also be locked in
metastable states without the change of occupation numbers
only the change of the relative intershell angular positions and
defect configurations.
,
d

g-

e
e
as

-

fects at the six corners of the outmost hexagon~see Figs.
1–3!. The net topological charge is26. Rounding the out-
most shell but still keeping the same magic packing throu
changing interaction forms causes no change on the de
configuration@e.g., the~3,9,15! clusters in Fig. 3~b!#. How-
ever, if the packing is no longer magic due to the change
interaction forms orN, the defects could move away from
the outmost shell~Figs. 2–4! but the total topological charge
is still conserved. For example, simply removing one parti
from a corner of the outmost shell in Fig. 1~e! shifts one21
defect to the second outmost shell. The~1,6,11! cluster with
circular outmost shell but the same defect configuration
the ~1,5,12! structure with different defect configuration bu
the same total topological charges can be obtained when
hard-sphere interaction is further softened and particle p
tions are locally adjusted@Figs. 1~g! and 1~h!#. In addition to
the isolated fivefold defect with21 topological charge, de
fects could also appear in the form as 5-7 pairs~i.e., free
dislocations with no net topological charge! to accommodate
lattice deformation. The opposite lattice bendings by the
and 7-defects cancel each other. It mainly introduces e
lattice lines and deteriorates the translational order, but
the orientational order. However, other defect clusters s
as 5-7-5 and 7-5-7 with net topological charge deterior
both orders. For those states such as~2,8,13!, ~3,9,14!,
~4,10,15!, etc., which have magic inner cores, the defe
only stay around or outside the magic core boundaries.
total topological charges on the outmost shell equal2DNi
for the outmost shell. One or two negative topologic
charges can move from the cluster boundary~core! to the
core~cluster boundary! for those clusters with higher~lower!
packing density in the core. For example, there are se
fivefold defects in the outmost shell and one sevenfold de
in the core for the~2,9,16! structure shown in the lowest row
of Fig. 3~b!.

The clusters support nearly degenerate metastable s
with very small energy difference. Figures 3 and 4 show
few examples under different interaction forms andN. The
states in the first column of Fig. 3 are the ground states~e.g.,
comparing the energy listed below each cluster!. In addition
to the states with differentNi at the sameN @e.g., ~2,8,13!
and ~3,8,12! at N523 in Fig. 3~a! and other states atN
527 in Fig. 3~b!#, other nearly degenerate metastable sta
can also be found with the sameNi but different defect con-
figurations. For example, comparing the two differe
~2,8,13! states in the first row of Fig. 3~a!, the slightly dif-
ferent relative positions between the particles in the adjac
shells can lock the system into different metastable states
finite temperature, the thermally excited intershell angu
vibration around the locked state and the intershell ang
hopping associated with defect generation and hopping
different locked states were experimentally observed@16,17#.
However, it is more difficult to excite the radial hoppin
which causes the changes ofNi due to the higher-energy
barrier unless a high temperature is reached. The nume
details will be presented in the future.

Increasing the steepness of the repulsive core ofVi j
makes the bending to a circular outmost shell harder. T
cluster structure is more similar to the hard-sphere pack
with triangular lattice and facets around cluster boundary
the smalllD limit. This trend was also reported in the pre

d
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ut
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FIG. 4. The evolution of the ground and the nearest metastable states atN519 and 23 for the Yukawa-type repulsion in a parabo
confining well with decreasinglD ~dimensionless!. At the smalllD limit, the outmost shell becomes more similar to the triangular pack
of the hard sphere. The dimensionless energy of each state is listed below each cluster.
th
,

tin

f
b

re
te
tti

d

y
g

uc

un

s
as
th

te

r
e-
are
ith
ar

re-

po-
vious numerical simulation atN530 @12#. As shown in Fig.
4, the series of the ground-state~the first and the third rows!
and the metastable-state configurations starting from
~1,6,12! and ~2,8,13! states atN519 and 23, respectively
with the gradual decrease oflD to very small values, gives
two typical examples. Especially, the latter has an interes
structure with an elongated core. The~1,6,12! and ~2,8,13!
states remain the ground states over most of the range olD

except that in a middle narrow window they are replaced
the nearly degenerate states~1,7,11! and ~3,8,12!, respec-
tively. Note that the former two states have defect-free co
which have lower strain energies than the latter two sta
which have more defects. In both cases, the mean la
constanta remains almost constant (1.01>a>0.99) for `
.lD.5, and then slowly decreases with decreasinglD ~Fig.
5!. As the repulsive potential becomes steeper with the
creasinglD ~see the inset in Fig. 5!, the more difficult com-
pression makes the outmost shells less circular, especiall
the~1,6,12! and~2,8,13! states. The particles around the lon
ends or the corners of their outmost shells cost too m
confining energies. Therefore, the~1,7,11! and~3,8,12! states
which have more circular outer shells become the gro
states. However, in the case of very smalllD , the repulsive
core becomes very hard and small. The whole cluster sit
the center flatter region of the parabolic well. The decre
of the total strain energy due to the fewer defects of
~1,6,12! and ~2,8,13! states than the~1,7,11! and ~3,8,12!
states can pay off the small increase of the confining po
tial due to the deviations from the circular outmost shell.
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C. Structures and defects at largeN

For the clusters at largeN, it is easier to bend the oute
lattice to form circular shells. Clusters with triangular-lattic
like core surrounded by the more circular outmost shells
obtained. Figures 6–8 show a few typical configurations w
increasingN up to a few hundred. The number of the circul
outer shells increases to about two whenN reaches about one
hundred. This agrees with the previous MC simulation

FIG. 5. The variations of the mean lattice constanta vs lD for
the Yukawa repulsions in a parabolic confining well atN519, 23,
and 180. It is hard to distinguish the curves forN519 and 23. The
inset shows the radial dependences of a few typical confining
tentials at differentlD .
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sults withVi j 51/r i j andVcr i5r i
2 at N5230 @7#. The radial

dependences of the mean lattice constantar at radiusr are
not the same when the form of the repulsion poten
changes under the same parabolic confining potential.
shown in Fig. 9, forVi j 5 ln(1/r i j ), ar remains almost con
stant whenr /r c andN change~wherer c is the cluster radius!.
However, for the Yukawa-type repulsion potential, it slow
increases withr in the inner triangular domain and dras
cally increases in the outer region. The mean lattice cons
a averaged over the entire cluster decreases asN increases
@Fig. 9~c!#.

Similarly to the above smallN clusters, each cluster i
associated with26 net topological charges. However, th
smoother bending and the smallDNi for the outmost shell
make most of the negative topological charges move inw
from the outmost shell. Most of the defects appear aro
the boundary between the outer circular shells and the in
triangular domain. The fivefold defect smoothly bends
lattice lines about 60° around it and provides a smooth in
face matching between the outer circular shell and the in
triangular domain~see all the isolated fivefold defects
Figs. 6–8!. On the other hand, the free dislocation~i.e., the
charge free 5-7 pair! mainly deteriorates the translational o
der but only slightly distorts long-range lattice orientati
@18#. Around the corner of the inner hexagonal domain,
fivefold disclination is accompanied by a free dislocation
form a 5-7-5 defect, if the corner touches the adjacent o
circular shell@e.g., the 5-7-5 defects at the lower left part
the clusters in Fig. 7~c!, where the third circular outmos
shell merges with the piecewise straight fourth outm

FIG. 6. A few typical configurations atN570, 100, and 150 for
the type-III and -IV interactions as defined in Table I.N and clus-
ter energy are listed above and below each cluster, respective
l
s

nt

rd
d
er
e
r-
er

e

er

t

shell#. It will stand alone if the touching does not occur.
addition to the above defects, the gradual lattice distort
caused by the slow change ofar inside the inner triangular
domain can be accommodated by a cluster~or clusters! of
free dislocations stretching outward from the center of
inner domain with21 net topological charge. It is also re
sponsible for the gradual merging of the inner triangular l

FIG. 7. ~a!–~f! The typical configurations forN5180 and dif-
ferent interactions in a parabolic confining well. The dimensionl
energy is listed below each cluster. The states in~a! and ~b! have
the same energy over the six digits but different defect configu
tions. Type-III and -IV interactions are defined in Table I.~d! and
~e! are obtained with Yukawa-type interaction withlD51.0, 0.1,
and 0.001, respectively.~g! The radial distribution ofn(r ), the
cumulative number of particles inside a circle with radiusr. r c is
the cluster radius for the clusters shown in~a!, ~c!, and ~f!. The
steeper steps for the outmost shells of the first two cases man
the more distinguished outer circular shells.
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FIG. 8. ~a! and ~b! The packings and defects at particle numberN5791 for the two typical cases with type-IV and -III interactions
defined in Table I, respectively.~c! and ~d! The radial distribution ofNd1,2(r ), the cumulative numbers of the positive and negat
topological defects, respectively, inside a circle with radiusr, for the configurations in~a! and ~b!. The variations ofNd12Nd2 are also
plotted.
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tice with piecewise straight boundaries and smoothly b
outer circular shells.

The above behavior can be clearly manifested in F
6–8, which show examples for a series of different inter
tions withN from 70 to 791. For the configurations shown
Fig. 6 withN from 70 to 150, each inner core has a relative
defect-free triangular lattice due to the relatively unifor
density. ForVi j 5 ln(1/r i j ) at N5180 shown in Fig. 7~a!,
most of the defects are still expelled by the inner cores w
almost uniform densities to the second and third outm
shells. The state shown in Fig. 7~b! has the same energy ove
six digits. The slight lattice readjustment associated with
isolated 5-7 defect pair present in the inner triangular dom
further expels the defects from the third outmost shell. As
interaction range is shortened, e.g., under the Yukawa-
interaction shown in Figs. 7~c!–7~f!, the cluster no longer
has a uniform packing and the defects move inwards fr
the cluster boundary. For the Yukawa repulsion withlD
.5 and N5180 @Fig. 7~c!#, each cluster has one fivefol
defect, four 5-7-5 defects, and one cluster of fivefold a
sevenfold defects stretching radially out from the center
t

s.
-

h
st

e
in
e
e

d
-

gion. No nearly degenerate state with a defect-free inner
angular domain can be found. The topological structure
mains similar even whenlD is decreased to 1@Fig. 7~d!#.
The quite sharp stair-type accumulated particle number
tribution at larger in Fig. 7~g! indicates that the cluster ha
two to three quite distinguished circular outmost shells. F
ures 7~e! and 7~f! show that the further decrease oflD below
0.1 expels the defect outward to the two outmost shells.
outmost shell is no longer circular and becomes piecew
straight. The26 topological charges are still conserved. T
harder repulsive core at the smalllD limit makes the system
quite similar to the hard-sphere case. The triangular lat
with uniform packing density extends all the way to the o
most shell atlD50.001. This trend is quite similar to th
observation shown in Fig. 4 for the smallN case. Similar
argument of the competition between the strain energy a
ciated with the defects and the confining energy can be u
to explain the behavior. Note that unlike the smallN cases
shown in Fig. 4, where the hexagon-shaped outmost she
smalllD has six sharp corners, the six corners of the outm
shell shown in Fig. 7~g! are replaced by facets associat
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with four 212 and two21221 defect clusters to reduc
the confining potential.

Figure 8 shows the behavior at very largeN (N5791). In
Figs. 8~c! and 8~d!, Nd1,2(r ), the numbers of the topologi
cal defect charges inside a circle with radiusr are plotted.
The cluster withVi j 51/r i j shows several smooth circula

FIG. 9. ~a! The radial variations of the lattice constantar nor-
malized by the lattice constanta0 at the cluster for the type-III and
-IV potentials defined in Table I atN5180 and 791, wherer c is the
radius of the cluster.~b! The normalized radial variations of lattic
constant for the Yukawa interaction at differentlD for the case of
N5180. The inset shows (ac2a0)/a0 vs lD , whereac is the mean
lattice constant at the cluster boundary~i.e., also the maximum
ar!. ~c! The mean lattice constanta vs N for the type-III and -IV
interactions.
outmost shells. There are more free dislocations~especially
more extending to the inner triangular core! to accommodate
the lattice distortion due to the nonuniform radial distributi
of ar . Nd1,2 and Nd12Nd2 all have larger rises aroun
r /r c50.6, wherear also has a sharper rise@Fig. 9~a!#. For
the case ofVi j 5 ln(1/r i j ), the cluster has a more uniform
packing density distribution~i.e., almost constantar!. The
triangular domain is less distorted than the case ofVi j
51/r i j and extends all the way to the outmost shell. It co
sequently has only a few free dislocations which have no
topological charge in the inner part. Only the outmost she
circular. Unlike the type-III case, the defect clusters a
mainly oriented azimuthally and accumulated along
piecewise circular second outmost shell, which is the int
face between the circular shell and triangular domain@see the
sharp rises ofNd1 and Nd2 and the large fluctuation o
Nd12Nd2 in this region shown in Fig. 8~d!#. The net topo-
logical charge of each cluster is still kept at26.

The radial dependence ofar and the variation ofa under
different interaction forms andN’s shown in Fig. 9 can be
easily understood from the point of force balance for ea
charged particle in the cluster. From the coarse-grai
point, we can roughly estimate the force on a particle
accumulating the electric field from uniformly~azimuthally!
charged rings for a circular symmetric confinement. The
most uniform lattice constant for the case of theVi j
5 ln(1/r i j ) potential corresponds to a uniform distribution
the coarse-grained charge density. Since the case of ln(1r i j )
repulsion potential is the ideal 2D case~i.e., from the uni-
formly charged infinite long wires!, we can use a cylindrica
Gauss surface to calculate the radial electric field. Only
uniform charge distribution can provide a parabolic poten
to counterbalance the inward confining force. Namely, if
treat the parabolicVc as being from a uniform neutralizing
background, the coarse-grained charge distribution sho
also be uniform to null the space charge from the neutra
ing background and reduce the total Hamiltonian. The d
creteness of particles only makes higher-order correction
the packing density. To the zeroth-order approximation a
under the circular symmetry, the charged particles outs
the circle with radiusr have no overall contribution on th
electric forces for the particles at radiusr. Therefore, increas-
ing N does not affect the packing density anda @Figs. 9~a!
and 9~c!#. The discreteness effect is stronger at smallN,
which causes the fluctuation ofa asN changes. Certainly it is
also not difficult to expect that the cluster will have high
packing density in the outer region, if we add a higher-ord
confining potential which corresponds to the higher neut
izing ion density in the outer region.

The case ofVi j 51/r i j corresponds to the interaction be
tween two point charges on a 2D surface. We can no lon
use a cylindrical Gauss surface. Using a coarse-grained
ture, the radial electric fieldE at radiusr generated by a
uniformly charged ring at radiusr 8 and with chargeQ fol-
lows @19#:

E~r !5
Q~r 8!

4pe0r 2 (
S50

` S ~2S!!

22SS!S! D
2S r 8

r D 2S

for r .r 8 and
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E~r !5
2Q~r 8!

4pe0r 82 (
S50

` S ~2S!!

22SS!S! D
2S r

r 8D
2S

for r ,r 8. The inner~outer! ring generates a radially outwar
~inward! force. Therefore, unlike the case of the ln(1/r i j )
repulsion potential, the contributions from the particles in
outer rings have to be taken into account. In addition to
external confining force, the particles in the center region
further compressed to have higher density such that
higher outward electric field can be generated to reach
force balance. The particle density~lattice constant! thereby
increases~decreases! as r decreases. WhenN increases, the
particles in the center part certainly feel stronger inward
pulsive force from the particles in the outer rings. It cons
quently causes the decrease ofa @Fig. 9~c!# and the larger
change ofar /a0 @Fig. 9~a!#.

For the Yukawa-type interactions, the interaction ran
further shortens but with a steeper core aslD decreases. The
charges on the outer rings also contribute a net inward ra
electric force similar to the case withVi j 51/r i j but with a
faster decay asur 2r 8u increases. In addition to the radia
confining force, the inward forces are only contributed fro
the charges on a few or even one adjacent outer ring for
small lD cases. Therefore,ar also has a larger radial varia
tion than the case withVi j 5 ln(1/r i j ).

It is interesting to point out that, similarly to the smallN
case, changinglD for lD.2 has very little effect onar ~Fig.
5!. The confining force compressesa to the range~between
0.6 and 0.85! smaller thanlD , which makes the Yukawa
interactions have similar forms at this distance. The m
lattice constanta equalslD at lD50.4 for N5180. The
decrease ofa slows down aslD further decreases. For ex
ample,a50.25 atlD50.1. Also note that, under the com
petition between the linear confining force and the nonlin
Yukawa interaction, the percentage of variation ofa(r )
reaches the maximum aslD approaches 1. Figure 9~b! shows
that the variations ofar /a0 , wherea0 is the lattice constan
at the cluster center, are the same forlD50.5 and 1.5, and
lD50.1 and 2.0.

IV. CONCLUSION

We investigate the packing of the 2D SCCC’s in cent
confining potentials with various forms of repulsive intera
tion through MD simulations with annealing cycles to ze
e
e
re
e
e

-
-

e

ial

e

n

r

l
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temperature. Generically, under the radial confining for
the concentric shells associated with the alternate perio
packing sequence in different shells for smallN and the tri-
angular lattice surrounded by circular shells at largeN are
observed regardless of the difference in the detailed inte
tion forms. The system also supports nearly degenerate m
stable states with different combinations of occupation nu
bers or the same set of occupation numbers but diffe
defect configurations~i.e., slightly different relative inter-
shell particle positions!. Each cluster has26 net topological
charges. Most of the negative topological charges stay on
cluster boundary for a small-N cluster. For a small-N cluster
with more than two shells, the defects also appear in
inner region in the form of 5-, 5-7-5-, 7-5-7-, and 5-7-5-
fold defects unless the inner region has a triangularly pac
magic configuration. The competition between the strain
ergy from lattice deformation and the confining potential e
ergy, which prefers a more circular structure with a sma
radius, causes the changes of the cluster shapes and the
tive energies of the nearly degenerate states. The case
Vi j 5 ln(1/r i j ) and parabolicVc corresponds to the case wit
the ideal 2D Coulomb cluster in a uniformly charged ne
tralizing background. It supports a uniform particle dens
distribution to offset the coarse-grained background char
and balance the force on each particle. This causes the
most uniformly packed inner triangular lattice to exte
nearly to the outmost circular shell for the clusters with lar
N. Steepening the confining well in the outer region i
creases the packing density in the outer region. Decrea
the interaction range causes the increasing packing densi
the inner part, i.e.,DNi by one or two at smallN and the
increase ofar with increasingr at largeN. It also makes
most of the topological charges move from the clus
boundary to the interface between the circular shells and
inner triangular domain for the interface matching, and so
even extend to the inner triangular domain to accommod
the nonuniform lattice constant distribution at largeN. This
trend can be reversed at the very smalllD limit, where under
the hard-sphere-like interaction the system exhibits trian
lar packing throughout the cluster through expelling defe
to the cluster boundary.
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